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The behavior of the residual (impurity-dominated) resistivity is computed for a material near
a two dimensional quantum critical point characterized by a divergent q = 0 susceptibility. A
singular renormalization of the amplitude for back-scattering of an electron off of a single impurity
is found. When the correlation length of the quantum critical point exceeds the mean free path, the
singular renormalization is found to convert the familiar ‘Altshuler-Aronov’ logarithmic correction
to the conductivity into a squared-logarithmic form. Impurities can induce unconventional Friedel
oscillations, which may be observable in scanning tunnelling microscope experiments. Possible
connections to the metamagnetic quantum critical end point recently proposed for the material
Sr3Ru2O7 are discussed.
PACS numbers:
I. INTRODUCTION
The interplay of quantum mechanics, disorder and re-
duced dimensionality is a central question in condensed
matter physics. The issue becomes particularly inter-
esting for materials near a quantum critical point (i.e.
one produced at temperature T = 0 by variation of a
control parameter such as pressure or chemical composi-
tion). Near such a critical point, quantum fluctuations
may become particularly strong, and may interact with
randomness in an important way. In this paper, we con-
sider the heretofore little studied question of the effect
of quantum critical fluctuations on the residual resistiv-
ity of a metal. We consider two dimensional systems
in which the criticality involves long wavelength fluctu-
ations and find that the critical fluctuations lead to a
singular, and possibly divergent, renormalization of the
amplitude for an electron to backscatter off of an isolated
impurity atom. For a system with a nonvanishing den-
sity of impurities, we find that this physics leads to a
strengthening of the ‘Altshuler-Aronov’ [1] correction to
the conductivity from ln(1/T ) to ln2(1/T ).
Renormalization of some electron-impurity vertices is
expected in materials near density wave transitions; for
example, near a charge density wave transition, an impu-
rity will produce density fluctuations whose component
at the ordering wavevector will diverge as the transition is
approached (for an experimental demonstration, see [2]).
However, we show here that long-wavelength spin fluctu-
ations can drastically increase backscattering by spinless
impurities. Our work is related to a previous analysis,
by Altshuler, Ioffe. Larkin, and one of us, of the stag-
gered susceptibility of a model of electrons interacting
with gauge fluctuations [3].
Our work is motivated by recent experiments on the
bilayer ruthenate, Sr3Ru2O7 , which apparently can at
ambient pressure be tuned through a quantum critical
point by variation of applied magnetic field [4, 5, 6].
Sr3Ru2O7 has a layered crystal structure and highly
anisotropic conductivity properties charactered by a very
low in-plane (‘ab’) resistivity (ρab ∼ 5µΩ−cm as T → 0)
and a much higher out of plane (‘c-axis’) resistivity
(ρc ∼ 10
3µΩ − cm as T → 0) [7], so its electronic prop-
erties are to a good approximation two dimensional. At
ambient pressure and no applied magnetic field the ma-
terial is paramagnetic, but with a magnetic susceptibility
χ which is strongly T−dependent (for T ' 10K) and at
low T strongly enhanced above the band theory value
[7]. As applied magnetic field H is increased at low T
(T < 2K) resistivity measurements indicate that the ma-
terial passes near to a critical point [4, 5]. In the vicinity
of this critical point the differential magnetic suscepti-
bility χdiff = dM/dH becomes large and the residual
resistivity limT→0 ρ(T ) exhibits a pronounced cusp [5].
The natural interpretation is that the transition ob-
served in Sr3Ru2O7 is metamagnetic in nature. Meta-
magnetic materials exhibit a phase diagram in the field
(H)-temperature (T ) plane characterized by a line of first
order transitions across which the magnetization jumps.
The first order line ends in a critical point at temperature
TM and field HM . In Sr3Ru2O7 parameters are appar-
ently such that at ambient pressure TM is very near to
T = 0 (indeed for one field orientation it can be made
to vanish exactly ) so that one has a quantum critical
end point [4, 5, 6, 8]. A renormalization group theory
of quantum critical end-points and their application to
Sr3Ru2O7 was given by [8]; in this paper we extend their
theory to include electron-impurity coupling and use it
to calculate the residual resistivity. In addition we make
a few remarks about the applicability of our calculations
to more general classes of critical points.
The rest of this paper is organized as follows. Sec-
tion II presents the critical theory, section III gives the
analysis of the renormalization of the Born approxima-
tion amplitude for an electron to scatter off of an iso-
lated impurity, section IV considers the single impurity
problem beyond the Born approximation and applies the
results to Sr3Ru2O7, section V treats the extension to
2a non-vanishing density of impurities and section VI is
a conclusion and discussion of implications for other ex-
periments.
II. METAMAGNETIC QUANTUM
CRITICALITY
Ref [8] employed the standard approach of Hertz [9]
and Millis [10] which involves integrating out electronic
degrees of freedom to obtain an effective field theory with
overdamped bosonic excitations, which is then analysed.
This approach is presently the subject of debate [11]. On
the experimental side, the theory is apparently inconsis-
tent with data obtained on a variety of materials with
antiferromagnetic critical points, and on the theoretical
side the validity of integrating out gapless electronic de-
grees has been questioned [12, 13, 14], both two dimen-
sional antiferromagnets and for ferromagnetic transitions
involving an order parameter with continuous symme-
try and time reversal invariance in the disordered phase.
However, the assumptions made in [12, 13] do not apply
to metamagnetic transitions, which involve an Ising order
parameter and an explicitly broken time reversal symme-
try, nor do the Fermi surface nesting complications of an-
tiferromagnetic transitions [14] apply here, because the
order parameter is centered at q = 0.
The order parameter for a metamagnetic critical point
occurring at a field HM is the difference of the local mag-
netization density M(x, τ) (which we write here in space
and imaginary time) from the average valueM∗ produced
by the field HM at T = 0. (M
∗ ≈ .5µB for Sr3Ru2O7.)
It is convenient to measure the field and magnetization
with respect to HM ,M
∗, and to normalize the field to an
energy scale E0 (discussed below) and the magnetization
fluctuations per Ru via
φ(x, τ) =
M(x, τ)−M∗
Msat
, (1)
h =
(H −HM )Msat
E0
, (2)
whereMsat is the high field saturation magnetization. In
a clean (non-disordered) system the action describing the
fluctuations of φ was argued [8] to be (β = 1/T )
S =
E0
2
∫
d2x
a2
∫ β
0
dτ
[
2hφ+ ξ20 (∇φ)
2 +
1
2
φ4
]
+ Sdyn
(3)
with φ(q, ν) = E0a
−2 ∫ d2x ∫ β0 dτeiq·x−iντφ(x, τ) and, in
a clean system,
Sdyn =
a2
2E0
∫
d2q
(2pi)2
T
∑
νn
|νn|
vq
|φ(q, iνn)|
2 , (4)
where νn = 2pinT . For Sr3Ru2O7, E0 ≈ 7000K [8] ; a
value for ξ0 has not been established. A natural guess
would be something of the order of the in-plane lattice
constant a ≈ 4A˚. However in many ferromagnetic ma-
terials band theory suggests that the momentum depen-
dence of the magnetic polarizability is very weak, sug-
gesting ξ0 < a; while if the considerations of [12] are
relevant a considerably larger value might be appropri-
ate. A value for v has also not yet been established;
the natural expectation is that it is of order the planar-
band Fermi velocity vF ≈ 1eV − A˚. The theory is above
its upper critical dimension so the nonlinear term is a
‘dangerously’ irrelevant operator and may be treated by
standard means [8, 10].
We have written a two dimensional theory. At some
scale a crossover to three dimensional behavior will oc-
cur, but present neutron experiments have so far been
unable to observe any correlations along the c-axis [15].
Because the transition takes place in a magnetic field,
the fluctuating field has Ising symmetry and time rever-
sal invariance is explicitly broken. Neither ‘precession’
terms in the dynamics nor the anomalous |q| momentum
dependence proposed in [12] will occur.
The action given in Eq 3 describes the critical fluctua-
tions. In the absence of critical fluctuations we take the
action for electrons to be
Sel =
a2
E20
T
∑
ωn
∫
d2p
(2pi)2
ψ†α(p, iωn)(−iωn+ξp)ψα(p, iωn),
(5)
where ψα represents the electrons with the “spin” index
α, ξp is the electron dispersion and ωn = (2n + 1)piT .
The coupling between the electrons and the critical fluc-
tuations can be written as
Sφ−ψ = g
∫
d2x
a2
∫
E0dτ ψασ
z
αβψβφ , (6)
where σz is the z-component of the Pauli matrix.
To obtain the propagator D describing the metamag-
netic fluctuations we expand the action about the mean
field value φ0 given by ∂S/∂φ = 0 and read off the
quadratic term, obtaining
D(q, iνn) =
1
|νn|
vq + ξ
2
0q
2 + h2/3
(7)
The coupling constant g may be determined because the
damping term in Sdyn arises from processes in which a
critical fluctuation decays into one particle-hole pair [9,
10] and is
g2 =
4pi2
a2E0
v2F
vSF
(8)
with SF the length of the Fermi surface in two dimensions
(SF = 2pipF for a circular Fermi surface).
Using these definitions we find that the one-loop self
energy at T = 0, shown in Fig 1a, is
Σ1(p, iω) =
2ivF
SF ξ20
∫ ∞
0
dx x ln
(
ωξ0
v + x
3 + h2/3x
x3 + h2/3x
)
.
(9)
3(a) (b)
FIG. 1: Diagrams representing (a) the lowest order self-energy
(b) an example of higher order corrections. The wavy line
represents the bosonic fluctuations.
Notice that as ω → 0 at fixed h 6= 0, Σ1(p, iω) =
2vF
vSF ξ0
iω
h1/3
while as h→ 0 at fixed ω we have Σ1(p, iω) =
isgn(ω)|ω|2/32pi(v/ξ0)1/3√
3SF ξ0(v/vF )
.
In spatial dimension d > 2 the fact that the theory
is above the upper critical dimension guarantees that a
one-loop (Migdal-like) approximation yields an asymp-
totically exact approximation to the self energy, but in
d = 2 this is not the case [16, 17, 18]. While higher
corrections such as those shown in Fig 1b do not change
the powers, they do introduce a dependence on momen-
tum δp = p− pF and induce a dependence on
ω
ω∗(h) with
ω∗(h) = vh/ξ0. The scaling function for the self-energy
has only been computed in large N and small N expan-
sions where N is the number of order parameter compo-
nents. Unfortunately, in the metamagnetic problem of
interest here N = 1.
III. ELECTRON-IMPURITY VERTEX: BORN
APPROXIMATION
(b)(a)
(d)(c)
FIG. 2: Diagrams corresponding to the renormalization of the
impurity scattering amplitude. (a) the bare vertex (b) the
lowest order correction (c) the sum of the ladder diagrams
(d) an example of higher order corrections.
We now consider the effect of critical fluctuations upon
the amplitude, Ap1,p2 for an electron initially in a state
of momentum p1 to scatter off of an isolated impurity
atom into a state of momentum p2. The basic electron-
impurity vertex is shown in Fig 2a; we assume that this is
structureless; corresponding to scattering amplitude in-
dependent of p1,2. The first correction due to critical
fluctuations is shown in Fig 2b, and is found to be di-
vergent when p1,2 are on the Fermi surface and are such
that the Fermi surface tangents at these two points are
parallel. For a circular Fermi surface this condition corre-
sponds to p1+p2 = 0 and |p1| = pF . In this case, choos-
ing the x coordinate to be parallel to p1 and p1,2 to be
on the Fermi surface we have εp1+q = vF
(
qx + q
2
y/2q0
)
and εp2+q = vF
(
−qx + q
2
y/2q0
)
with q0 a quantity of the
order of pF parametrizing the curvature of the Fermi sur-
face. If p2 = −p1 + p with |p| ≪ |p1|, we find that the
the correction shown in Fig 2b is
A1(p, h) = A0I
(
2piq0
SF
)
ln
(
1
max[h2/3, (pyξ0)2]
)
(10)
with I(b) = 2bpi
∫∞
0 dy
( 2√
3
b)y
(1+y3)[( 2√
3
b)2+y4]
and A0 is the bare
scattering amplitude; I(1) ≈ 0.23; I(10) ≈ 0.5 and I(b)
is an increasing function of b. Notice that if pi − θ is the
angle between p1 and p2, then pyξ0 ∝ θ.
A very similar result was obtained in the context of
the U(1) gauge theory of the ‘RVB’ regime of the two-
dimensional t−J model [16], where the 2pF spin suscep-
tibility was considered. The U(1) gauge theory possesses
an interaction (mediated by an internal gauge field) with
a very similar mathematical structure to our interaction
D(q, iνn) (Eq.7), except that in the U(1) problem gauge
invariance dictates that in the RVB regime the mass (h
in our notations) vanishes. Further, in the vertex compu-
tation two additional minus signs occur (but compensate
each other), one from the fact that gauge interaction in-
volves currents which are oppositely directed at momen-
tum transfer 2pF and one from the transverse nature of
the gauge interaction.
Higher order diagrams such as those shown in Fig. 2c
may be evaluated similarly; we find that the leading be-
havior of the nth order term is
An = A0
1
n!
[
I
(
2piq0
SF
)
ln
(
1
max[h2/3, θ2]
)]n
(11)
so that finally we obtain
A(θ, h) ∼ A0
(
max[h2/3, θ2]
)−ψ
(12)
with ψ = I
(
SF
2piq0
)
at one loop order.
We should further consider the effect of higher order
diagrams, such as those shown in Fig 2d. These do not
change the basic power counting, and may therefore be
expected not to alter the basic power law we have found;
they will however change the numerical value of the ex-
ponent. According to the result of small N expansion
[16], the effect of ‘crossed diagrams’ is to increase the ex-
ponent. We conclude that the Born-approximation am-
plitude for an electron to back-scatter off of an impurity
suffers a singular renormalization near criticality.
4IV. BEYOND BORN APPROXIMATION;
RESISTIVITY
The previous section presented the renormalization of
the leading-order term in the electron-impurity vertex.
In this section we consider effects arising when the Born
approximation is not justified, either because the initial
scattering amplitude is not small or because the renor-
malizations increase an initially weak interaction beyond
the regime of validity of the Born approximation. Cor-
rections to the Born approximation result for the elec-
tron self energy correspond to multiple scattering of the
electron off of the same impurity, and are represented
diagrammatically in Fig. 3. Within the ‘non-crossing’
approximation used in previous sections we find that the
leading renormalization near criticality comes from the
correcting each impurity vertex individually. The series
for the self energy may be summed by defining the T -
matrix which for incident electron energies very close to
the fermi surface becomes
T (θ − θ′, h) = A(θ − θ′, h)− i
∫
dθ1
2pi
N(θ1)A(θ − θ1, h)T (θ1 − θ
′, h) (13)
with N0 =
∫
d2k
(2pi)2
δ(εp) the single-spin fermi surface den-
sity of states. Assuming for simplicity a circular fermi
surface with density of state N0 we may solve the equa-
tion by resolving T and A into their angular components
Tm =
∫
dθ
2piT (θ, h)e
imθ and Am =
∫
dθ
2piA(θ, h)e
imθ so that
Tm =
Am
1 + iAmN0
. (14)
We note that the sign of Tm and therefore the sign of
the angular momentum-m channel phase shift alternates
with m, so that the Friedel sum rule is straightforwardly
satisfied.
FIG. 3: Diagrams representing multiple scattering of elec-
trons off of an impurity. The shaded triangle represents the
renormalization of the Born scattering amplitude given by
Fig.2c.
The final result depends on the parameter g0 = A0N0
and on the exponent ψ. If ψ < 1/2, then none of the
Am or Tm are divergent as h → 0. The distance to crit-
icality, parametrized by h, controls the number mmax of
angular momentum channels for which Am and Tm are
non-negligible (mmax ∼ h
−1/3). On the other hand, if
ψ > 1/2, then in each angular momentum channel the
amplitude A diverges as h → 0 so that the resulting
phase shift saturates at pi/2 in each channel, and again
the number of channels which are relevant diverges rather
strongly as h→ 0.
The contribution of this scattering amplitude to the
probability that an electron is scattered through an angle
θ,W (θ), is given by |T (θ)|2. The impurity scattering rate
revealed by the resistivity, Γtr =
∫
dθ
2pi (1 + cos(θ))W (θ)
(note that we have defined angular coordinates so that
θ = 0 corresponds to backscattering). Because we are
concerned with a scattering amplitude strongly peaked
about the back-scattering direction, the cos(θ) factor is
unimportant. Then Γtr is given by the imaginary part
of the diagonal T−matrix Γtr ∼ ImT (0;h) in the usual
approximation. Therefore, we obtain
ρres ∼ Im[T0] + 2
∞∑
m=1
ImTm (15)
As noted above, within this approximation the resistivity
diverges as criticality is approached, but the approxima-
tion itself breaks down when the mean free path implied
by Eq.15 becomes smaller than the correlation length.
The question of a divergent resistivity is further exam-
ined in section VII.
V. APPLICATION TO DATA
In this section we attempt to relate calculations of the
h dependence of ρres to data obtained on Sr3Ru2O7.We
first note that it is sensible to discuss the scattering from
an isolated impurity only if the elastic mean free path l
is greater than the correlation length ξ = ξ0h
−1/3. The
observed low-T resistivity of clean samples of Sr3Ru2O7
is of the order of 5µΩ−cm corresponding to a pF l ≈ 250,
i.e. to an l of the order of 300− 400A˚. The appropriate
value of ξ0 is not known at present, but if it is of the
order of the lattice constant or smaller then almost all the
available data are in the regime in which the calculation
applies.
Sr3Ru2O7 presents an interesting issue in modelling.
If the estimates presented in [8] are correct, then even
in zero field the material is close to a ferromagnetic crit-
ical point, so that renormalizations of impurity vertices
could be substantial, even at vanishing applied field (pro-
vided, of course, that a sufficiently wide regime exists in
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FIG. 4: Residual resistivity calculated for different exponents
and initial scattering amplitudes. The curves for the two
larger exponents are scaled (by the factors indicated) to co-
incide with the H = 0 values calculated for the smallest ex-
ponent. Dashed lines, ψ = 1; heavier solid lines, ψ = 0.75;
light solid lines, ψ = 0.5. Three panels show the results of
different initial scattering amplitude (a) g0 = 0.5 (well below
unitarity limit for initial point-impurity scattering amplitude)
(b) g0 = 1.0 (roughly half way to unitarity limit) (c) g0 = 5.0
(close to unitarity limit).
which the |q| effects of [12] are not important). What
is unambiguously measurable, however, are the effects
caused by a varying magnetic field. Further, the param-
eters presented in [8] allow a quantitative determination
of the parameter h above in terms of the applied mag-
netic field. We have used the parameters ucc = −3500K,
vcccc = 58000K, r = 100K defined and given below Eq.6
of [8] to compute the ‘mass’ in Eq.7 for applied fields
from 0 to 10T , and have used this and Eq.15 to calculate
the field dependence of the residual resistivity for various
choices of exponent ψ and initial scattering amplitude.
Representative results are shown in Fig.4. The values at
applied field H = 0 depend on the behavior of the the-
ory at higher energy scales, which is not known for the
reasons given above. However, the change in behavior
near the metamagnetic field (about 7T for the parame-
ters used here) should be reliable. We observe that there
is some interplay between exponent and initial scatter-
ing strength but that sharpness and relative height of
the resistivity peak depend most strongly on the expo-
nent. Comparison to data [5] shows that our calculation
is consistent with a moderate bare scattering amplitude
and an exponent ψ ≈ 3/4. We also note that the rather
small resistivities observed in experimental systems sug-
gest either that the initial scattering amplitude is weak or
that the renormalizations associated with the nearby fer-
romagnetic quantum critical point are not large, perhaps
for the reasons given in [12].
VI. FRIEDEL OSCILLATIONS
The physics which gives rise to this correction to the
conductivity also gives rise to a singular behavior [3] in
the susceptibility at wavevector q = 2pF and it is pro-
portional to (2pF − q)
1−3ψ ; this leads to a change in
amplitude and distance dependence of the Friedel oscil-
lations induced by an impurity in two dimensions. We
find that if ψ < 1/3 the Friedel oscillations decay as
cos(2pFR)/R
5
2
−3ψ while it is cos(2pFR)/R
1
2
+3ψ when
ψ > 1/3. Notice that it decays slower (faster) than
the standard 1/R2 form if 1/6 < ψ < 1/2 (ψ < 1/6
or ψ > 1/2). At non-zero field, the spin up and spin
down Fermi surfaces are characterized by different Fermi
wave vectors so we predict two superposed oscillations
emerging from each impurity site, each decaying with a
characteristic power. These oscillations should be ob-
servable in STM experiments. We note, however, that
the effect discussed here is a long wavelength, low energy
effect. It does not imply that the density modulations
are greatly enhanced near to an impurity; only that they
decay much less (or more) rapidly with distance than in
a non-critical material.
It is also interesting to consider the situation at H = 0,
i.e. near to a 2D ferromagnetic transition, and indeed
we note that for the Sr3Ru2O7 parameters given in [8],
H = 0 corresponds to h ∼ 10−3 so one might expect the
enhancements to be noticeable even at zero field. The
Friedel oscillations from a non-magnetic impurity would
indeed be long ranged, however it is interesting to note
that the RKKY interactions are suppressed (in a system
with Heisenberg symmetry) because the spin commuta-
tion relations lead to a minus sign in the renormalization
of σz vertex by σx or σy fluctuations.
We also note that field-dependent STM studies might
present an interesting test of the result [12] that for
2D Heisenberg materials the leading momentum depen-
dences is |q|. In this case, the renormalizations we have
discussed would not exist. As H is increased, the effects
6that produce |q| are believed to be cut off, and the un-
conventional Friedel oscillations should reappear.
Finally, we observe that the presence of the Friedel os-
cillations implies that the state of a critical system is in
some sense a random charge density wave, characterized
by infinite ranged charge oscillations emerging from the
various impurity sites. The resistivity and other prop-
erties of such a state are an interesting issue for future
research.
VII. NONVANISHING IMPURITY DENSITY
The preceding treatment is valid for correlation lengths
less than the mean free path. We now consider what hap-
pens when parameters are tuned so that the correlation
length ξ exceeds the mean free path l. We first note that
the problem has two energy scales: the impurity scat-
tering rate τ−1 = vF /l and the characteristic quantum
critical frequency ω∗ = vξ20/ξ
3 so that near criticality,
when ξ > ξ0 we have ω
∗τ < 1.
For length scales longer than the mean free path the
dynamic term in the action is modified to be [9]
Sdyn,dirty =
a2
2E0
∫
d2q
(2pi)2
T
∑
νn
|νn|
D′q2
|φ(q, iνn)|
2 (16)
with D′ of the order of the diffusion constantD = v2F τ/2.
We note D′/D = v/vF from the definition of g2 in Eq.8.
Here 1/τ = 2piu2N0 is the impurity scattering rate, u
2
is the renormalized squared impurity scattering strength
(renormalized due to the effects discussed in section IV),
and N0 is the density of states at the Fermi energy. Thus
the dynamical critical exponent is z = 4 in this case and
the nonlinearity in the critical theory remains danger-
ously irrelevant.
FIG. 5: Diagrams contributing to the leading order correc-
tion to conductivity. The black triangles and the dotted lines
represent the vertex correction by impurity scattering and the
Diffuson ladder.
The leading order correction to the conductivity is
given by the sum of two diagrams in Fig.5 [1], where the
wavy line represents the metamagnetic fluctuations with
the propagatorD(q, iνn) = 1/(
|νn|
D′q2+q
2ξ20+h
2/3). Notice
that there exist three more diagrams at the same order,
but they cancel each other [1]. Each interaction vertex
that represents the coupling between the electrons and
the bosonic mode is renormalized by the Diffuson correc-
tion, (|νn|+Dq
2)−1τ−1. After evaluating these diagrams
we find that the leading correction to the dc conductivity
at nonzero temperature is given by (we assume T < 1/τ)
δσ = −
e2
~
λ
4pi2
ln2
(
λD
Tξ20
)
for T > Th (17)
δσ = −
e2
~
λ
3pi2
ln
(
1
h
)
ln
(
λD
Tξ20
)
for T < Th, (18)
where λ = vF /v and Th = h
4/3λD/ξ20 . Notice that
these results are valid as far as we are in the perturbative
regime, i.e., δσ ≪ σ0 =
e2
2pi~kF l.
The physical content of Eqs 17,18 is that as field is
varied at a fixed, low, temperature the resistivity will
initially increase as the critical point is approached, but
sufficiently close to the critical point (i.e. when h < hT
with hT = (
ξ2
0
T
λD )
3/4 ) resistivity will level off at a tem-
perature dependent but field-independent value. Fig. 6
presents a qualitative sketch of the predicted behavior,
including both the ’single-impurity’ regime of the previ-
ous sections and the ’Altshuler-Aronov’ regime consid-
ered in this section.
ρ
hh hT l
FIG. 6: Schematic behavior of resistivity as a function of h
at a fixed temperature. Here hl = (
ξ0
l
)3 is the crossover field
at which the mean free path becomes less than the correla-
tion length and the single-impurity results of section IV break
down, while hT = (
ξ2
0
T
λD
)3/4 is the field scale beyond which the
field dependence is cut off by thermal effects. If hT < h < hl,
Eq.18 applies and the resistivity increases logarithmically as h
is decreased. When h < hT , Eq.17 applies and the resistivity
becomes a temperature dependent constant.
This result should be compared with the well-known
behavior of the quantum correction to the conductivity,
δσ = − e
2
2pi2~ ln(1/T τ), in weakly disordered interacting
two dimensional electron systems [1]. The notable dif-
ferences are i) δσ in the present case has more singular
temperature dependence when T > Th and at the crit-
ical point (h = 0). ii) If T < Th, the coefficient of the
logarithmic term explicitly depends on h and it increases
as the critical point is approached until it is cut off by
temperature.
Now let us estimate the size of the perturbative quan-
tum correction in Sr3Ru2O7. We assume that D
′ ≈ D
7and ξ0 is of the order of the in-plane lattice constant
∼ 4A˚. Using vF ∼ 1eV − A˚ and l ∼ 300 − 400A˚,
we get 1/τ ∼ 30K and D ∼ 45 − 60cm2/sec. Let us
consider h ∼ 10−6, then Th ∼ 10−3K. In this case,
T > Th for experimentally relevant temperature range
and Eq.17 should be used. Using the leading order result,
σ0 =
e2
2pi~kF l, in two dimensions the relative size of the
correction can be estimated as δσ/σ0 ∼ 0.07 at T = 2K
and δσ/σ0 ∼ 0.1 at 0.1K.. Thus the relative correction is
only 7−10%. Given that the residual resistivity is about
5µΩ−cm, it will be hard to see the effect of these correc-
tions. If the material were more dirty, say kF l ∼ 50, we
would get 1/τ ∼ 150 − 200K and Th = 10
−4K. Similar
estimation would predict that the relative correction is
30 − 50% at T = 0.1 − 2K. It would be interesting to
test these predictions in more dirty samples.
To conclude this section we note that the scattering
time τ is the impurity scattering rate, as renormalized
by critical fluctuations at scales less than the (renormal-
ized) l. We also observe that our result is perturbative in
both the disorder strength and the interaction. Presum-
ably when the resistivity becomes of the order of the Mott
value a crossover to insulating behavior occurs. The in-
sulating state should presumably be interpreted in terms
of the random charge density wave state discussed at the
end of Section VI, but the issue deserves more careful
investigation.
VIII. CONCLUSION
In summary, the effect of critical fluctuations on the
residual resistivity is studied near a two dimensional
metamagnetic quantum critical point. When the cor-
relation length is smaller than the mean free path, the
critical fluctuations induce a singular renormalization of
the amplitude of the back-scattering off an impurity of an
electron. This leads to a pronounced cusp in the residual
resistivity near the metamagnetic critical point in accor-
dance with the experimental results. When the correla-
tion length becomes larger than the mean free path, the
critical fluctuations convert the ‘Aronov-Altshuler’ loga-
rithmic correction to the conductivity to the more singu-
lar squared-logarithmic behavior near the critical point.
Our results imply a divergent resistivity at criticality. We
argued that the state which gives rise to this divergence is
some sort of random charge density wave, but a detailed
investigation of its properties has not been performed.
Our results may have broader implications. The ap-
parently successful comparison of our calculation to data
suggests that the singular “2pF” renormalization discov-
ered in the gauge theory context in [16] is more than a
theoretical curiosity, and therefore motivates examina-
tion of other systems where 2pF effects might be im-
portant; for example in the transresistance of bilayer
ν = 1/2 quantum Hall systems. Work in this direction is
in progress.
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